The exact calculation of the rise transient of the birefringence and the corresponding relaxation times by different theoretical methods is described, in particular the Kerr-effect response of an assembly of nonpolar but anisotropically polarizable molecules following the imposition of a constant electric field is studied by solving the Smoluchowski equation. This equation is transformed into a set of differential recurrence relations containing Legendre polynomials of even order only. By taking the Laplace transform of the birefringence function, it is shown that the singularity at sϭ0 ͑zero-frequency limit͒ may be removed so that the relaxation time for the rise process may be exactly expressed as a sum of products of Kummer functions and its first derivatives. The second approach is based on a matrix method where the spectrum of eigenvalues 2 j and their associated amplitudes A 2 j ͑extracted from the first components of eigenvectors͒ are calculated allowing one to express the relaxation time as ͚A 2 j ( 2 j Ϫ1 ). Numerical values of this time are tabulated for a large range of g values ͑0ϽgϽ40͒, g being the parameter measuring the ratio of the orientational energy arising from the electrical polarizabilities to the thermal energy. It is thus demonstrated that the lowest eigenvalue ͑ 2 ͒ dominates almost completely the rise process. The effective relaxation time is also calculated exactly and expressed very simply as the ratio of two Kummer functions. Its evolution as a function of g leads to behavior similar to that of the relaxation time obtained either from the Kummer functions or from the eigenvalue method. It is characterized by a maximum situated around gϭ2, which is interesting in view of experimental applications.
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I. INTRODUCTION
The exact solution for the dielectric after-effect response following the sudden removal of a dc field for a system of noninteracting polar molecules with uniaxial anisotropy ͑nematic liquid crystals͒ has been given by Coffey et al. ͓1͔ . This has been accomplished by adapting methods used for the solution of the analogous problem of superparamagnetic relaxation ͓2͔. The calculation proceeds by expanding the solution of the Fokker-Planck equation as a series of Legendre polynomials which in turn leads to differential recurrence relations which govern the decay of the electric polarization or magnetization. This set of differential recurrence relations may be solved exactly in terms of a continued fraction whence the frequency dependence of the susceptibility may be calculated by means of linear response theory. The area under the curve of the decay of the polarization is, since the response is linear, the correlation time T of the first Legendre polynomial. This time T provides a global measure of the relaxation behavior of the system ͓3͔. It has also been demonstrated that T may be expressed in closed form as a sum of products of confluent hypergeometric functions ͑Kummer functions͒. In turn T may be expressed exactly in integral form since the product of two Kummer functions may be expressed as an integral ͓2͔.
The analysis that we have just given pertains to linear response only since it is confined to the behavior of the first Legendre polynomial in the absence of an applied field. It is the purpose of this paper to show how the method we have developed may also be applied to a nonlinear problem of electro-optics, i.e., the exact calculation of the transient birefringence due to the induced dipole Kerr effect. Thus we shall consider an assembly of nonelectrically interacting nonpolar molecules and we shall suppose that a strong step electric field is applied at the instant tϭ0, and subsequently the molecules only interact through the induced dipole moment. We shall demonstrate how the rise transient of the birefringence may be calculated exactly by expressing the Laplace transform of the birefringence, i.e., the rise transient in terms of continued fractions and we shall demonstrate how the relaxation time defined as the area under the curve of the rise transient may again be exactly expressed in terms of Kummer functions. We remark that this problem, unlike the one considered in Refs. ͓1, 2͔, is truly nonlinear and so the concept of relaxation time should be used rather than the correlation time. Furthermore, there is no longer any connection between the transient response and the ac response. We also remark due to the symmetry of the potential arising from the induced moments that the differential recurrence relations decouple into two sets, one for the even Legendre polynomials and the other for the odd Legendre polynomials. The analysis described in Refs. ͓1, 2͔ is for the odd set as the even one is in thermodynamic equilibrium. The opposite situation obtains here where the time behavior of the even set is the quantity of interest. The present problem has also been considered by Watanabe and Morita ͓4͔. However, they did not give exact expressions for the relaxation time, merely calculating that quantity under certain limiting approximations; neither did they solve the three-term recurrence relations for the rise transient in continued fraction form.
Since the calculation of the relaxation time is not as straightforward as in the dielectric response, we shall first illustrate our method by considering the simple problem of the calculation of the relaxation time of a series inductance (L) -resistance (R) circuit when a step field is suddenly applied. Then, we shall transpose this definition to our problem of Kerr-effect relaxation and we shall show how the transient response may be obtained by two methods, one by expressing the Laplace transform of the rise transient as a sum of products of continued fractions and calculating the relaxation time in terms of the zero-frequency limit of this quantity, and the other by expressing the set of differential recurrence relations in the form of a set Ẋ (t)ϭAX(t), and calculating the eigenvalues and corresponding eigenvectors of this set as detailed in Refs. ͓1, 2͔. This will verify the exact solutions which we have obtained.
II. GENERAL EXPRESSIONS FOR THE RISE TIME
The Fokker-Planck ͑or Smoluchowski͒ equation for an assembly of noninteracting and anisotropically polarizable molecules at time t after the imposition of a step electric field
where the orientational potential energy V͑͒ is
V͑ ͒ϭϪkTgU͑t͒cos 2 , ͑2͒
D is the Debye dielectric relaxation time, U(t) is the unit step ͑Heaviside͒ function, and the nondimensional factor g comparing the potential energy to the thermal energy is defined as
␣ ʈ and ␣ Ќ representing the principal electric polarizabilities parallel and perpendicular to the symmetry axis of the molecule, respectively. The distribution function W(,t) of orientations is axially symmetric and may therefore be expanded as a series of Legendre polynomials to give just as in Refs. ͓1, 2͔ the differential recurrence relation
where
the angular brackets denoting the expectation value of P l with respect to the distribution W, and the a l 's are the Fourier-Laplace coefficients arising from the expansion in zonal harmonics
This recurrence relation decouples into odd and even sets, and the even set appropriate to Kerr-effect relaxation is
͑6͒
The Laplace transform of the homogeneous solution of this is
and F 2k (s) is the Laplace transform of f 2k (t) such that
The inhomogeneous solution is determined by noting that all initial conditions vanish save kϭ0 when f 0 (t)ϭ f 0 ͑0͒ϭ1, whence we easily find that the Laplace transform of the inhomogeneous solution appropriate for Kerr-effect relaxation ͑kϭ1͒ is
This is the Laplace transform of the growth of the birefringence. We also note by the final value theorem of Laplace transformation that lim s→0 sF 2 ͑s͒ϭ 2g 15
͑11͒
It now remains to extract a formula for the relaxation time from this solution. First, we remark that the Laplace transform ͑denoted by L͒ of the rise transient is
The area under this curve is
On inspection, this equation would appear to have a singularity at sϭ0. This is not so, however, as we illustrate first of all by considering a series of R, L circuits with an emf e(t) ϭEU(t) suddenly applied at tϭ0. The instantaneous current i(t) flowing through these passive elements is
and so the time constant characterizing this electrical circuit is
͑16͒
where I(s) is the Laplace transform of i(t). Now,
so that on decomposition of I(s) into partial fractions we have
as is well known.
We may use an analogous result for the definition of the relaxation time in our Kerr-effect relaxation problem. We have
͑20͒
Equation ͑19͒, which yields T, is not defined for sϭ0. In order to overcome this difficulty, we remark that S 4 (s) is a continued fraction of the form
where A, B, C, and D are constants independent of s. The function S 6 (s) is again a continued fraction which depends on S 8 (s) and so on, so that after reduction to the same denominator, the numerator of sF 2 (s) will always be one degree less than that of the denominator because of the presence of the first degree term Bs. This can therefore be written in the polynomial form as
where the b n 's and the c nϩ1 's are the polynomial coefficients of the numerator and the denominator, respectively, so that
This demonstrates how the apparent singularity at sϭ0 disappears, in such a manner that T may be rendered by the formula
͑23͒
Equation ͑22͒ is very simple and gives the exact relaxation time for the birefringence rise transient. In order to express explicitly the coefficients b 0 , b 1 , c 0 , c 1 , we can expand S 4 (s) as a Laurent series about the point sϭ0, namely,
With the aid of Eqs. ͑10͒, ͑11͒, and ͑24͒ and after some calculation, we obtain
which on taking the zero-frequency limit ͑s→0͒ yields the exact formula
where S 4 Ј(0) is the limit as s→0 of the first derivative of S 4 (s) with respect to s. Equation ͑26͒ may also be expressed in closed form ͓see Eq. ͑C3͒ of Ref. ͓2͔ ͔, namely,
where the Kummer ͑or confluent hypergeometric͒ function M (a,b,z) is given by
͑29͒
In order to obtain an expression which is convenient for the numerical calculation of T, we can write
so that the derivative of S n (s) with respect to s can be expressed in the form of a recurrence relation, namely,
which for nϭ4 becomes equal to ͑see Appendix A͒ 
where we have used the gamma function ⌫ defined by ⌫͑zϩ1 ͒ϭz⌫͑ z ͒.
The remainder of Eq. ͑33͒ may be set equal to zero for the order kϭN, so that from a numerical point of view it is sufficient to calculate the alternating series, that is,
͑34͒
We have verified that this equation is rapidly convergent and that a very good precision is obtained for Nϭ5. Substituting Eq. ͑34͒ into Eq. ͑26͒ we can write down the final expression for the reduced relaxation time TЈ normalized to unity,
which if so desired may be expressed in terms of Kummer functions as the derivative S 2Nϩ4 Ј (0) is no longer involved. The calculation of T ͑or TЈ͒ is thus much more involved than in the dielectric case. The reverse is true of the Laplace transform of the Kerr function F 2 (s). The evolution of TЈ is presented in Fig. 1 for different g values varying in the range 0-40.
III. CALCULATION OF THE RISE TIME AND RISE TRANSIENT USING MATRIX METHODS
Having illustrated how one may evaluate the rise transient and the relaxation time by continued fraction methods, we consider how these quantities may be calculated by matrix methods. In order to accomplish this, we arrange our set of recurrence relations in the form
where ḟ 2k , f 2k , and B are column matrices such as
and M is an nϫn matrix characteristic of the rise transient birefringence, 
The general solution of this matrix equation is
͑38͒
For the purpose of the calculation of the relaxation time, we are interested in the transient part of this solution which is given by the integral in Eq. ͑38͒. For kϭ1, the matrix elements may be expressed in the form
Since we are concerned here with the rise transient, the relaxation modes of the Kerr function may be written as
where the A 2 j denote the amplitudes of the first components of the successive eigenvectors associated to the eigenvalues 2 j . The longitudinal relaxation time is then the area under this curve, viz.,
In Table I , we present the amplitudes and the eigenvalues of the first four modes for different values of the parameter g up to gϭ40. The eigenvalues arise from the solution of the secular equation det͕sIϪMЈ͖ϭ0, where I represents the usual identity matrix.
Since the eigenvalues are presented in the form 2 j /6 B ͑ B is the birefringence relaxation time equal to D /3͒, the reduced relaxation time T ʈ Ј is given by
We also remark that the amplitudes of rank jϭ2l ͑lϭ1,2,...͒ are negative, which was not observed for the dielectric response. Satisfactory convergence was obtained using a 30ϫ30 matrix in all cases. It is apparent from Table I that the lowest eigenvalue 2 provides an accurate enough representation of the relaxation time since the amplitudes of the other modes ͑A 4 , A 6 , and A 8 ͒ become smaller and smaller in comparison with that of the first one ͑A 2 ͒. This behavior is rather similar to that of the dielectric response governed by 1 , 3 , 5 , etc. where the mode characterized by 1 dominates the response.
IV. COMPARISON OF MATRIX SOLUTIONS WITH THE CONTINUED FRACTION SOLUTIONS
The solution for the relaxation time rendered by a matrix method which may be implemented with a minimum of analysis agrees exactly ͑within rounding errors͒ with the continued fraction solution rendered by Eq. ͑26͒ for all g values ͑see the last column of Table I and the second and  fourth columns of Table II͒ . The most interesting result of our theoretical approach is that the solution is again dominated by the first mode ͑ 2 ͒. The Kerr-effect relaxation time, unlike the dielectric one, passes through a maximum at a certain value of g ͑which may be a useful factor in experiments͒ before decreasing monotonically to zero for increasing g values. This behavior has also been observed by Morita and Watanabe ͑see their Fig. 4 in Ref.
͓4͔͒.
We also compare our solution for the rise transient for the relaxation time with that rendered by the effective eigenvalue. This method may be used here since the rise transient of the electric birefringence for the pure induced dipole mechanism may be approximated by a single exponential term ͓4͔ characterized by an effective relaxation time T eff . It is well known, indeed, that when the orientation of the molecules is only due to the anisotropy of the electrical polarizabilities, the Kerr-effect response may be considered as linear-at least for weak fields-according to Kerr's law which relates the birefringence ⌬n to the square electric field E 2 . On the contrary, this is not true for the process arising from pure permanent ͑field-off͒ moments which is, in essence, a nonlinear response and needs two effective relaxation times.
Thus the time behavior of the orientational factor may be written as
͑41͒
which in terms of the effective eigenvalue eff becomes
so that the effective relaxation time T eff is then
and the reduced effective relaxation time is
From Table II , it is apparent that T eff Ј given by Eq. ͑43b͒
based on the effective eigenvalue technique is a little different from the numerical values of the relaxation times obtained using continued fraction or matrix methods, and so does not provide a rigorous representation of the rise transient birefringence phenomenon. In particular, this method leads to higher values of the relaxation time as g becomes greater than 1. As already mentioned by Coffey, Kalmykov, 
